In this manuscript we investigate the existence of solutions for the following system of fractional hybrid differential equations (FHDEs): Here, we extend the Dhage hybrid fixed point theorem (Dhage in Kyungpook Math. J. 44: [145][146][147][148][149][150][151][152][153][154][155] 2004) and then present some results on the existence of coupled fixed points for a category of operators in Banach algebra. Also, an example is analyzed to show the use of the reported results.
Introduction
It is worth noting that the perturbation techniques are useful in the nonlinear analysis for studying the dynamical systems described by nonlinear differential and integral equations. 
θ(t) u(t,θ(t))
] = v(t, θ (t)), a.e. t ∈ J, θ (t  ) = θ  ∈ R, where J = [, T), u ∈ C(J × R, R \ {}), and v ∈ C(J × R, R). They were the first authors able to prove the existence and uniqueness results as well as various fundamental differential inequalities corresponding to the hybrid differential equations. In fact, with the help of the theory of inequalities, the existence of extremal solutions and a comparison result were proved by Dhage and Lakshmikantham.
The topic of fractional calculus which deals with derivatives and integrals of arbitrary orders started to be used to model successfully several physical phenomena [-]. Evidently, this branch of calculus has found numerous miscellaneous applications connected with real world problems as they appear in many fields of science and engineering, including fluid flow, signal and image processing, fractals theory, control theory, electromagnetic theory, fitting of experimental data, optics, potential theory, biology, chemistry, diffusion, and viscoelasticity. For some recent developments on the topic, see [-].
Zhao et al.
[] introduced FHDEs. They took the initiative by regarding the FHDE with R-L differential operators
where J = [, T), u ∈ C(J × R, R \ {}), and v ∈ C(J × R, R). Beside that, by using the mixed Lipschitz and Carathéodory conditions they proved the existence theorem for FHDEs.
Sitho et al.
[] studied existence results for the initial value problems of hybrid fractional integro-differential equations: 
where
Here, we are studying the existence of solutions for the system of fractional hybrid differential equations
First of all, we prove a coupled fixed point theorem which is a generalization of a fixed point theorem of Dhage [] in Banach algebras.
Preliminaries
Let C(J × R, R) be the category of continuous functions u :
The form of the Riemann-Liouville fractional integral operator of order σ >  of the function w ∈ L  (R + ) is defined as
hold almost everywhere on J.
What follows next is a fixed point theorem in Banach algebras due to Dhage ([]).

Lemma  ([]) Let S be a non-empty, closed, convex, and bounded subset of a Banach algebra and let E, G : → and F : S → be two operators fulfilling the following properties: (a) E and G are Lipschitzian with Lipschitz constants σ and δ, respectively, (b) F is completely continuous,
(c) θ = Eθ Fϑ + Gθ ⇒ θ ∈ S for all ϑ ∈ S, and (d) σ + δ < , where = FS = sup{ F(θ ) : θ ∈ S}.
Then the operator equation Eθ Fθ + Gθ = θ has a solution in S.
Below we recall the definition of a coupled fixed point for a bivariate mapping.
By a solution of the FHDEs system () we mean a function (θ , ϑ) ∈ AC(J, R × R) with the following properties:
is absolutely continuous for each θ ∈ R, and (ii) (θ , ϑ) satisfies the system of equations in (), where AC(J, R × R) is the space of absolutely continuous real-valued functions defined on J.
Fixed point theorems
Throughout this section, let = C(J, R) be equipped with the supremum norm. Clearly it is a Banach algebra with respect to pointwise operations and the supremum norm.
Define scalar multiplication and the sum on × as follows:
for μ ∈ R. Then × is a vector space on R.
In the following lemma we introduce a certain Banach algebra which is used in proving our results.
Then is a Banach algebra with respect to the above norm and multiplication.
Proof By inspection is an algebra and · is a norm on . We notice that
so · is an algebra norm on . Now, we prove a coupled fixed point theorem, which is a generalization of Lemma  of Dhage [] . Let us denote by the family of all functions ϕ : R + → R + fulfilling ϕ(r) < r for r >  and
Definition  Let be a Banach space. An operator C : → is called σ -nonlinear contraction if there exist a real constant σ ∈ (, ) and a function ϕ C ∈ such that
for all θ , ϑ ∈ . We call the function ϕ C a nonlinear function of C on X. Proof By inspection we conclude that S is a non-empty, closed, convex, and bounded subset of the Banach algebra . Define E, G : → , and F : S → by
It is sufficient to prove E(θ , yϑ) F(θ , ϑ) + G(θ , ϑ) = (θ , ϑ) has at least one solution, because
which implies that T(θ , ϑ) has at least one coupled fixed point. We claim that the operators E, F, and G satisfy all the conditions of Lemma  on the Banach algebra . First, we show that E and G are Lipschitzian. By using the condition (C), for every θ = (θ  , θ  ), ϑ = (ϑ  , ϑ  ) ∈ we obtain
which implies that E is Lipschitzian with constant σ . Similarly G is Lipschitzian with constant δ. The next step is to prove that F is a compact and continuous operator on S.
Let (θ n ) = (θ n , θ n ) be a sequence in S converging to a point θ = (θ  , θ  ) ∈ S. Since F is continuous we have
Then we have
for all θ ∈ S. This result shows that F is uniformly bounded on S. Let ε > , since F(S) is an equi-continuous set in , there exists δ >  such that for t  , t  ∈ J, |t  -t  | < δ implies that |Fθ (t  ) -Fθ (t  )| < ε for all θ ∈ S. Then, for any θ = (θ  , θ  ) ∈ S, we have
so F( S) is an equi-continuous set in . Thus, F( S) is compact according to the Arzelá-Ascoli theorem. As a result, F is a continuous and compact operator on S. So, F is completely continuous on S.
We show now that the hypothesis (iii) of Lemma  is satisfied.
which implies that
So, by assumption (C), we conclude that θ  , θ  ∈ S, then θ ∈ S. Finally, we prove that σ + δ < , where = F S = sup{ F(θ ) : θ ∈ S}. By using the assumption (C) we obtain
So, all conditions of Lemma  are satisfied and hence the operator equation Eu Fu + Gu = u has at least one solution on S. As a result, T(θ , ϑ) has at least one coupled fixed point and the proof is completed.
Corollary  Let S be a non-empty, closed, convex, and bounded subset of the Banach algebra and S = S × S. Suppose that A, C : → and B : S → are three operators such that (C) E and G are Lipschitzian with Lipschitz constants σ and δ, respectively, (C) F is completely continuous,
(C) θ = Aθ Bϑ + Cθ ⇒ θ ∈ S for all ϑ ∈ S, and (C) σ FS + δ < , where FS = sup{ F(θ ) : θ ∈ S}.
Then the operator T(θ , ϑ) = Eθ Fϑ + Gθ has at least a coupled fixed point in S.
Taking G ≡  in Theorem , we obtain the following.
Corollary  Let S be a non-empty, closed, convex, and bounded subset of the Banach algebra and S = S × S. Suppose that E : → and F : S → be two operators such that
(a) there exists ϕ E ∈ such that for all θ , ϑ ∈ , we have
Then the operator T(θ , ϑ) = Eθ Fϑ has at least a coupled fixed point in S.
Taking E ≡  in Theorem , we obtain the following.
Corollary  Let S be a non-empty, closed, convex, and bounded subset of the Banach space
and S = S × S. Suppose that G : → and F : S → are two operators such that (a) there exists ϕ C ∈ such that for all θ , ϑ ∈ , we have
Then the operator T(θ , ϑ) = Gθ + Fϑ has at least a coupled fixed point in S whenever δ < .
Systems of fractional hybrid differential equations
By applying Theorem , we study the existence of a solution for the FHDEs system () under the following general assumptions:
(H) The functions u : J × R → R \ {}, w : J × R → R, w(, ) =  are continuous and there exist two functions ϕ and ψ with bounds ϕ and ψ , respectively, such that for all θ , ϑ ∈ and t ∈ J we have
(H) There exists a continuous function ν ∈ C(J, R) such that
for all θ ∈ R, and
As a consequence of Lemma  we have the following result, which is useful in proving the existence results. 
Proof Let θ (t) be a solution of the problem (). By applying to both sides of () the operator I p , we get
so, from Lemma  we conclude that
Since θ(t)-w(t,θ(t)) u(t,θ(t))
=  (due to the fact that u(, ) =  and w(, ) = ), we have
At this stage, our target is to prove the following existence theorem; see (). (H)-(H) hold. Then the system () has a solution defined on J.
Theorem  Assume that the hypotheses
Proof Set = C(J, R) and a subset S of defined by
. We take note of the fact that S is a closed, convex, and bounded subset of the Banach algebra . Now, we consider the system (). Obviously, θ (t) is a solution of the FHDEs system () if and only if θ (t) satisfies the following system of integral equations: 
ϑ(t) = Eϑ(t)Fθ (t) + Gϑ(t), t ∈ J.
We shall show that the operators E, F, and G satisfy all the conditions of Theorem . Let θ , ϑ ∈ , by the hypothesis (H) we have
Eθ (t) -Eϑ(t) = u t, θ (t) -u t, ϑ(t)
≤ ϕ(t) θ (t) -ϑ(t) ≤ ϕ θ -ϑ , for all t ∈ J, which implies that Eθ -Eϑ ≤ ϕ θ -ϑ . Therefore, E is a Lipschitzian on with Lipschitz constant ϕ . Analogously, C is a Lipschitzian on with Lipschitz constant ψ . Next, we prove that F is a compact and continuous operator on S. As a result it follows by Theorem  that the problem () has a solution.
